Introduction.
A closed Riemann surface X which can be realised as a p-sheeted covering of the Riemann sphere is called p-gonal, and such a covering is called a p-gonal morphism. The p-gonal Riemann surfaces have been extensively studied, see [1] , [2] , [6] , [8] , [9] , [12] and [13] . A p-gonal Riemann surface is called real pgonal if there is an anticonformal involution (symmetry) σ of X commuting with the p-gonal morphism.
Let X g be a real p-gonal Riemann surface of genus g ≥ 2. A symmetry σ of X g is an anticonformal involution of X g . The topological type of a symmetry is determined by the number of connected components, called ovals, of the fixed-point set Fix (σ) and the orientability of the Klein surface X/ σ . We say that σ has species Σ σ = +k if Fix (σ) consists of k ovals and X/ σ is orientable, and Σ σ = −k if Fix (σ) consists of k ovals and X/ σ is non-orientable. The set Fix (σ) corresponds to the real part of a complex algebraic curve representing X, which admits an equation with real coefficients.
If the p-gonal morphism is a cyclic regular covering, then the Riemann surface is called real cyclic p-gonal. When p = 2 the surface X g is called hyperelliptic. A Riemann surface represented by an algebraic curve given by an equation of the form
where the coefficients of the polynomial (x − a i ) · · · (x − m j ) p−1 are real is a real cyclic p-gonal Riemann surface. The complex conjugation induces a symmetry on the above curve. A natural problem is to study and classify all possible symmetries of such a Riemann surface up to conjugacy, as they will produce non-isomorphic real models of the complex algebraic curve. In Section 2 we characterise real cyclic p-gonal Riemann surfaces, where p is an odd prime, in terms of signatures of Fuchsian and NEC groups. In Section 3 we determine all possible symmetries of a real cyclic p-gonal Riemann surface represented by an algebraic curve with equation (1.1).
Signatures of real cyclic p-gonal Riemann surfaces.
Let X g be a compact Riemann surface of genus g ≥ 2. The surface X g can be represented as a quotient X g = H/Γ of the upper half plane H under the action of a surface Fuchsian group Γ, that is, a cocompact orientationpreserving subgroup of the group G = Aut(H) of conformal and anticonformal automorphisms of H without elliptic elements. A discrete, cocompact subgroup Γ of Aut(H) is called an NEC (non-euclidean crystallographic) group. The subgroup of Γ consisting of the orientation-preserving elements is called the canonical Fuchsian subgroup of Γ, it is denoted by Γ + . The algebraic structure of an NEC group and the geometric structure of its quotient orbifold are given by the signature of Γ:
The orbit space H/Γ is an orbifold with underlying surface of genus h, having r cone points and k boundary components, each with s j ≥ 0 corner points. The signs + and − correspond to orientable and non-orientable orbifolds respectively. The integers m i are called the proper periods of Γ and they are the orders of the cone points of H/Γ. The brackets (n i1 , . . . , n is i ) are the period cycles of Γ and the integers n ij are the link periods of Γ and the orders of the corner points of H/Γ. The group Γ is called the fundamental group of the orbifold H/Γ.
A group Γ with signature (2.1) has a canonical presentation with generators: 
according to whether H/Γ is orientable or not. This last relation is called the long relation. The hyperbolic area of the orbifold H/Γ coincides with the hyperbolic area of an arbitrary fundamental region of Γ and equals:
where ε = 2 if there is a + sign and ε = 1 otherwise. If Γ is a subgroup of Γ of finite index then Γ is an NEC group and the following Riemann-Hurwitz formula holds:
An NEC group Γ without elliptic elements is called a surface group and it has signature (h;
In such a case H/Γ is a Klein surface, i.e., a surface with a dianalytic structure of topological genus h, orientable or not according to the sign + or − , and having k boundary components. Conversely, a Klein surface whose complex double has genus greater than one can be expressed as H/Γ for some NEC surface group Γ. Furthermore, given a Riemann (resp. Klein) surface represented as the orbit space X = H/Γ, with Γ a surface group, a finite group G is a group of automorphisms of X if and only if there exists an NEC group ∆ and an epimorphism θ : ∆ → G with ker(θ) = Γ (see [5] ). The NEC group ∆ is the lifting of G to the universal covering π : H → H/Γ and is called the universal covering transformation group of (X, G). From now on, the genera will satisfy the condition above. As a consequence of the assumption g ≥ (p − 1)2 + 1 for the genera of the p-gonal surface X g we have that the group C p generated by the p-gonal morphism is a normal subgroup of Aut + (X g ). Notice the the classification method fails for surfaces with genera in the range 2 ≤ g ≤ (p − 1)2. For instance, there are two 7-gonal surfaces of genus 3. One of them, X 3 , is the Klein's quartic with Aut + (X 3 ) P SL 2 (7), in this case C 7 is non-normal in P SL 2 (7).
We give now a characterisation of real cyclic p-gonal Riemann surfaces represented by real equations via NEC groups. Let (X, f, σ) be a real cyclic p-gonal Riemann surface uniformised by a Fuchsian surface group Γ. Consider the automorphism ϕ : X → X such that X/ ϕ is the Riemann sphere and ϕ is a deck-transformation of the covering f . Notice that the group ∆ is the universal covering transformation group of (X, ϕ, σ), that D p = ϕ, σ and that the canonical Fuchsian subgroup ∆ + is the universal covering transformation group of (X, ϕ). Thus X/ ϕ is a sphere with conic points of order p . Let σ be the symmetry in the Riemann sphere X/ ϕ induced by σ. Since the triple (X, ϕ, σ) is represented by the equation
The set of real solutions of 1.1 is the set Fix (σ). Thus σ is conjugated to the complex conjugation. Then X/ ϕ, σ = X/ ϕ / σ is a disc with corner(s) and conic points of order p.
With the above notation: 
.
, where i = 0 or 1 and
, where i = 0 or 1 and 2r + s =
. 
(VII . .
Notice that in cases (VII) and (VIII) the factor group C 2 of G/ ϕ is generated by the antipodal map.
Proof. Consider the chain of coverings
Furthermore by Lemma 2.1 in [1] the group ϕ is a normal subgroup of G. By Theorem 1 the factor group G = G/ ϕ is a finite group of conformal and anticonformal automorphisms of the Riemann sphere. (See also [12] .)
In other words, we have an epimorphism θ : Λ → G with Ker θ = ∆ + . This yields the signature of the group Λ in terms of the signature of ∆ + and the group G. Let p i and q ij be the orders in G of θ(x i ) and θ(c ij−1 c ij ) respectively, where x i , c ij are generators in the canonical presentation of Λ associated to the signature (2.1). By [3] and [5] each proper period m i induces
since ∆ + is the group of the Riemann sphere with conic points of prime order p. We denote
Using the Riemann-Hurwitz formula |G| = µ(∆ + )/µ(Λ) we obtain 
To find s(Λ) it is enough to find the nontrivial solutions of (2.7). We divide the study of (2.7) in eight cases according to the factor group G in the epimorphism θ : Λ → G with Ker (θ) = ∆ + : . . This finishes the proof.
Species of symmetries of real cyclic p-gonal Riemann surfaces.
Let X be a real cyclic p-gonal Riemann surface X with real equation. In the next theorem we study the topological types of the possible real forms of X.
Theorem 3. Let X be a real cyclic p-gonal Riemann surface with p-gonal automorphism ϕ admitting a symmetry σ with fixed points and such that σ, ϕ = D p , p prime. If τ is another symmetry of X, then possible species of τ are (and all cases occur):
In both cases Σ σ = +p and Σ σ = +1 if σ is of the first type. 
The group G (and G) contains two conjugacy classes of symmetries, with representatives namely σ = σ 1 and ρσ = τ . The images of reflections in Λ are all mapped to conjugate reflections in G. They are conjugate to σ as we know that σ has fixed points. Thus Σ τ = 0. On the other hand Λ σ has always proper periods. Therefore Σ σ = −1. 1 +q 2 p, . . . , p )}), see [10] .
Altogether we have that 
q , where q = 3 in (5) and q = 5 in (8) . G, and thus G, contains two conjugacy classes of symmetries, with representatives namely σ = σ 1 and τ , with τ conjugated to the antipodal map. Then Σ σ = Σ σ 1 and Σ τ = 0. As in case (2a), by [10] and [14] , given the epimorphism θ, all the generating reflections of Λ induce reflections in θ −1 ( σ 1 ). So Σ σ = −1 as they induce also proper periods.
where C 2 is generated by the antipodal map. With the same arguments as in (3) we obtain that G has two types of symmetries with representatives σ and τ where Σ τ = 0 and Σ σ = −1.
This case is as case (4b) where the central symmetry is conjugated to the antipodal map and σ 1 is conjugated to σ 2 . There are 3 conjugacy classes of symmetries with species 0, Σ 1 = Σ σ 3 and
To finish we show the existence of surfaces with the desired symmetries by listing appropriate groups G and epimorphisms θ. The p-gonal surfaces with the desired symmetries will be uniformised by the groups Ker (θ). We distinguish the same eight cases as in Theorem 2.
To obtain the species Σ τ = +p, +1 we consider groups G with presentation To obtain the species +p, +1 one or two of the relations (ϕσ i ) 2 in the presentation of G must be substituted by relations ϕ −1 σ i ϕσ i . i , (σ 1 σ 2 ) 2 , (σ 2 σ 3 ) 3 , (σ 3 σ 1 ) 4 , ϕ p , (ϕσ i ) 2 and let θ : Λ → G be defined as in (4) . To obtain the species +p, +1 either the relations (ϕσ 1 ) 2 and (ϕσ 1 ) 2 or the relation (ϕσ 3 ) 2 in the presentation of G must be changed to the corresponding commuting relation.
The kernels of the above epimorphisms will uniformise surfaces with a symmetry with species −1 for general groups Λ. The same epimorphisms yield the species +1 in cases 1 and 4 under the restrictions on Λ given in the first part of the theorem. Again, the same epimorphisms yield the species +p, +1 under the corresponding restrictions on Λ given in the first part of the theorem.
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